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The conditional entropy of glueball states is calculated using a holographic description. Glueball
states are represented by a supergravity dual picture, consisting of a 5-dimensional graviton-dilaton
action of a dynamical holographic AdS/QCD model. The conditional entropy is studied as a function
of the glueball spin and of the mass, providing information about the stability of the glueball states.
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I. INTRODUCTION
AdS/QCD models, inspired in the AdS/CFT corre-
spondence [1–3], provide an important phenomenological
tool for describing hadronic properties in the low-energy
regime, where QCD is non perturbative. The hadronic
states are represented in the dual supergravity picture
by normalizable solutions of fields that live in a five-
dimensional anti-de Sitter (AdS5) space, endowed with
a hard [4–6] or soft [7] infrared (IR) cut off. The cut off
in AdS space breaks conformal invariance, introducing a
mass parameter in the models, that sets the scale for the
mass spectra of hadrons.
Glueballs are bound states of gluons, that are expected
to appear in high energy physical processes, as a conse-
quence of the self-coupling of gluons in QCD. Conclu-
sive experimental data, about these type of particles,
still lack. Lattice QCD provides an important tool to
calculate glueball masses (see for example [8–10]). On
the other hand, the decay process of glueballs (and other
hadrons) is in general difficult to describe. One of the
problems faced is that radially excited states, that have
the same quantum numbers, get mixed in lattice imagi-
nary time numerical simulations.
The conditional entropy is an interesting tool for in-
vestigating the configurational stability underlying phys-
ical systems. It has recently been shown, for the case of
mesons, that the conditional entropy measures the rel-
ative occurrence of the physical states [11], suggesting
that the entropy indeed provides information about the
relative stability of states. Here we will apply the lattice
approach of Shannon entropy [12, 13] and its statistical
mechanics underlying structure, described in [11], to the
glueball case. We shall represent the glueballs using a re-
cent model proposed in refs. [14, 15], that is a modified
soft-wall model and provides nice fits of glueball masses
for even and odd spins. We will develop a procedure
that leads to a relation between the glueballs spins – and
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the glueballs masses – and the associated conditional en-
tropy. This analysis can shed some light into the relative
stability of the different glueball states.
The so-called information entropy setup is related
to the irresolution of information in a physical system
[13, 16]. Besides, the conditional entropy can extend
the Shannon information entropy [17] to some contin-
uum limit of modes, that comprise the physical system.
Recently, the modal fractions – in information entropy
theory – were defined as the ratio between collective co-
ordinates and the structure factor – in the thermody-
namical entropy setup – further providing the statisti-
cal mechanical analogue of the conditional entropy setup
[11].
This work is organized as follows: in Sect. II, the
anomalous dynamical AdS/QCD holographic model is in-
troduced by a dilaton-graviton bulk action, with a subse-
quent scalar glueball action. A beta function with an IR
fixed point, at finite coupling, is then used in the model.
The dimension of the operators in theN = 4 CFT is used
for defining the 5-dimensional glueball mass, and hence,
the 4-dimensional glueball mass, as a function of the glue-
ball spin and the beta function. Employing the collective
coordinates and the structure factor, calculated upon the
energy density of the system, the thermodynamical en-
tropy is a foundation to compute the conditional entropy
associated with glueball states. Hence the information
entropy, and the stability of glueballs, are quantitatively
studied, for different values of the model parameters. Our
concluding remarks are presented in Sect. III.
II. CONDITIONAL ENTROPY AND
GLUEBALL STABILITY
The energy density of the bulk modes, associated with
the glueball states, is a relevant tool for the informa-
tion entropy analysis of the glueballs stability, in the
AdS/QCD framework. Glueballs are predicted by QCD
and are modeled using lattice gauge theory. The ground
state is the scalar glueball 0++ that is expected, from
lattice computation, to have a mass 1.6 to 1.7 GeV [18].
The search for this state has been, and still is, in the
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2center of vivid activity in the framework of low-energy
QCD. This state is also important because it is related
to two basic phenomena of QCD: the generation of the
gluon condensate and also the anomalous breaking of di-
latation invariance [19].
Recently, a new holographic model for calculating
glueball masses appeared in Ref. [14]. It consists of
a modification of the soft-wall model [7], that is ana-
lytically solvable and provides the masses for the high
spin states. In this framework, the 5-dimensional action
for the graviton-dilaton coupling reads, in the Einstein
frame,
S =
∫
d5x
√−g
(
R− 4
3
gMN∂
Mφ∂Nφ− V (φ)
)
, (1)
where φ = φ(z) denotes the dilaton field, V (φ) stands
for the dilatonic potential and the conformal metric
gMNdx
MdxN has the form
ds2 = e2A(z)(gµνdx
µdxν + dz2), (2)
with µ, ν = 0, 1, 2, 3 and gµν denotes the Minkowski met-
ric; whereas the 5-dimensional AdS indices attain the val-
ues M,N,Q,R, S = 0, 1, 2, 3, 4. The 5-dimensional met-
ric determinant is denoted by g and the Einstein-Hilbert
part of the action in (1) regards the scalar curvature R.
Hereon, normalized units 16piG5 = 1 shall be adopted,
where G5 is the Newton 5-dimensional coupling constant.
The equations of motion read [20–22]
GRS− 1
2
gRS
[
4
3
(
2∂Rφ∂Sφ−∂Qφ∂Qφ
)−V (φ)]= 0, (3)
3
√
g
8
dV (φ)
dφ
− gRS∂R(√g∂Sφ) = 0, (4)
where GRS is the Einstein tensor.
Using the conformal metric given by Eq. (2), the equa-
tions of the motion (3, 4) yield, by denoting B′(z) =
dB/dz, for any quantity B:
− φ′′ − 3φ′A˚′ + 3
8
e2A˚
dV (φ)
dφ
= 0, (5)
A˚′′ +
4
9
φ′2 − A˚′2 = 0, (6)
where [15, 23]
A˚(z) = −2
3
φ(z) +A(z) . (7)
Solving Eqs. (5) and (6) for the quadratic dilaton back-
ground,
φ(z) = kz2, (8)
it yields expressions for the warp factor and the potential,
respectively:
A˚(z) = − ln
[
0F1
(
5
4
,
φ2
9
)
z
R
]
, (9)
R2V (φ) =
16φ2
3
0F
2
1
(
5
4
,
φ2
9
)
−12 0F 21
(
1
4
,
φ2
9
)
, (10)
where R denotes the AdS radius and 0F1 is a confluent
hypergeometric limit function1. Using Eqs. (7) and (9)
yields
A(z) =
2
3
φ(z)− ln
[
z
R
0F1
(
5
4
,
φ2
9
)]
. (11)
It means that the metric in Eq. (2) in this dynamical
model is an asymptotically AdS5 metric, in the ultravio-
let (UV) limit [15, 23, 24].
Now, the 5-dimensional action for the scalar glueball,
represented by the field G, has the following form [14, 15,
23]:
S =
1
2
∫
d5x
√−g e−φ(z) [gRS∂RG∂SG+M25G2] ,
(12)
and its equations of motion, using the metric (2), are
expressed as:
e−φ(z)+5A(z)M25G− gRS∂R[e−φ(z)+3A(z)∂SG] = 0 . (13)
Considering the ansatz G(xµ, z) ≡ G(z)eipµxµ , where
G(z) = ψ(z) exp
(
k2z4 − 3A(z)
2
)
, (14)
and using the quadratic dilaton of eq. (8), one finds
ψ′′−
[
k2z2+
1
z2
(
15
4
+M25R
2e
4
3kz
2
0F
−2
1
(
1
4
,
k2z4
9
))
−2k
]
ψ
= pµpµψ . (15)
where, for simplicity, we denote ψ(z) by ψ. A similar
Schro¨dinger-like equation was solved numerically in [25].
The masses found for the scalar glueball and its radial
(spin 0) excitations are compatible with those obtained
by lattice QCD. Up to linear order in k, and relating
pµpµ to the 4-dimensional glueball states masses m
2
n, it
yields [15]:
m2n =
(
4n+
4
3
M25R
2 + 2(M25R
2 + 4)1/2
)
k, (16)
where n = 0, 1, 2, ... . It is worth to mention that for the
lightest scalar glueball state, corresponding to the spin
0++, that is dual to the bulk fields of zero mass, M25 = 0,
it yields m2n = (4 + 4n)k [15].
The energy density associated with the glueball states
immediately reads from the action in Eq. (12), by taking
into account Eq. (14) [26]:
ρ(z) = T 00(z) =
1
2
e2A(z)
[
(G′(z))2+M25G
2(z)
]
. (17)
1 It is related to the Bessel functions
Jα(x) =
(x/2)α
Γ(α+1) 0
F1
( · , α+ 1,− 1
4
x2
)
.
3In order to take into account dynamical corrections as
well as the anomalous dimension effects, glueball states
have full dimension as a function of spin J [15]:
∆(J) = 4+2
[
1+(−1)J+1] J− 2
λ
β(λ)+β′(λ), (18)
where the spin J = 0, 1, 2, . . . , shall thus define the even
and odd glueball states. It is worth to mention that this
expression comes from the correspondence between su-
pergravity on AdS5 × S5 and chiral fields in N = 4 (su-
per)conformal theory in 4 dimensions [1]. In this setup,
the mass of a 0-form on AdS5 is related to the dimension
∆ in Eq. (18), of a 4-form operator, in the CFT, by the
expression [27]
M25R
2 = ∆(∆− 4). (19)
It means that the full dimension ∆ in Eqs. (18) gives the
expression for the bulk glueball mass M5 [15, 23].
In order to describe even and odd spin glueball states,
one can replace eq. (18) into the Schro¨dinger-like equa-
tion obtained from the dynamical soft-wall model, eq.
(15), and solve it numerically, for glueball states. Follow-
ing ref. [23], one chooses a beta function, with a finite
coupling IR fixed point:
β(λ) ∝ λ2
(
λ
λ?
− 1
)
, λ? > 0 . (20)
In ref. [23], masses of glueball states with even and odd
spins were calculated for different values of the model
parameters k, for λ? = 350. Table I shows results of
[14, 23], according to eq. (16).
Glueball states (odd and even spins) JPC
Data k (GeV2) 1−− 3−− 5−− 7−− 9−− 11−− 0++ 2++ 4++ 6++ 8++ 10++
I 0.04 2.99 3.89 4.75 5.63 6.49 7.33 1.57 2.53 3.44 4.33 5.20 6.04
II 0.09 3.43 4.56 5.71 6.83 7.92 9.05 1.63 2.85 4.01 5.13 6.27 7.38
III 0.16 4.03 5.51 6.94 8.41 9.85 10.01 1.70 3.27 4.75 6.24 7.68 9.13
TABLE I: Glueball states masses (GeV), for C = P = ±1, as a function of the glueball spin J , in the anomalous dynamical
soft-wall model setup. The IR fixed point λ? is 350 [23].
It is worth to mention that the results of Table I are
in agreement with glueball mass spectrum models, that
predict a maximum value of 1.7 ± 0.1 GeV for the mass
of the ground state [18]. The states f0(1500) or, alter-
natively, the f0(1710), have been proposed as candidates
for the scalar glueball [19, 28].
Now, the conditional entropy can be employed as the
lattice approach of Shannon information entropy, that
was shown in [11] to have underlying statistical mechan-
ics grounds. The entropic information, realized by the
conditional entropy, was used in the lattice to study phys-
ical systems [12, 13]. We can use it to study the stabil-
ity of glueball state configurations, within the AdS/QCD
setup. In fact, any physical system has the classical field
configuration to be the one corresponding either to a crit-
ical point of the action, in the classical field theory setup,
or to a critical point of the effective action, in a semi-
classical approximation of a quantum theory. Further-
more, any physical system has the conditional entropy
critical points corresponding to the most stable config-
urations, from the information entropy point of view
[29]. States of higher conditional entropy either request
a higher amount of energy to be created, or are more sel-
dom detected (or observed) than their counterparts that
present configurational stability, or both [11].
The conditional entropy generalizes the information
entropy for density functions that are naturally spatially
localized, as the Fourier transform of the energy den-
sity function related to the physical setup. The informa-
tion entropy was originally defined, for a system with n
modes, by Sc = −
∑N
j=1 hj ln(hj),where {hj} is a set of
probability density functions ruling the physical system
[17]. The conditional entropy, hence, has critical points
that define configurations that are stable and that cor-
respond to the best compression of information in the
system. More than a single stable configuration can ap-
pear, as in the case of oscillating configurations for the
evolution of domain walls. In this case, phase transitions
occur by the decay of the false vacuum [30]. Moreover,
the conditional entropy can be analogous to the ther-
modynamical entropy, being also potentially related to
entanglement entropy [31].
To implement the conditional entropy for glueball
states we use, as before, z as the usual bulk coordinate of
AdS space and write the corresponding Fourier transform
of the energy density as:
ρ(ω) = (2pi)−1/2
∫ +∞
−∞
ρ(z) eiωzdz . (21)
This can be thought as a continuum limit of the well-
4known collective coordinates in statistical mechanics,
ρ(z) =
∑N
j=1 ρ(ωj) exp (−iωjz). The structure factor,
sN =
1
N
∑N
j=1 〈 ρ(ωj)ρ∗(ωj) 〉 , normalizes the correla-
tion of collective coordinates, as
f(ωN ) =
1
N sN
〈 ρ(ωN )ρ∗(ωN ) 〉. (22)
The structure factor measures energy density fluctuations
and, hence, also the system behavior so as to approach
homogenization. By taking the N → ∞ limit, and re-
garding Eq. (21), the structure factor is then used, to
yield the modal fraction to be defined as the correlation
of collective coordinates-to-structure factor ratio:
f(ω) ≡ lim
N→∞
f(ωN ) =
〈 |ρ(ω)|2 〉
lim
N→∞
∫ N
−N
〈 |ρ(ω)|2 〉 dω .
(23)
The lattice approach of the conditional entropy is de-
noted by [12, 13]
Sc[f ] =− lim
N→∞
∫ N
−N
ln [f(ω)] f(ω) dω (24)
Now, the anomalous dynamical soft-wall model is em-
ployed, to derive the relationship between the conditional
entropy and the glueball state spins or, equivalently, the
glueball state 4-dimensional masses. In fact, the energy
density in Eq. (17) is appropriate for computing the con-
ditional entropy, since they are spatially localized func-
tions, encoded in the T 00 component. By using Eqs.
(23) and (24), that define the conditional entropy, to-
gether with Eq. (17) – that takes into account Eqs. (8)
and (10) for the warp factor and the dilaton potential,
respectively – the profiles for the conditional entropy, as
a function of the glueballs spins, are then obtained.
To compute the conditional entropy for the energy den-
sity (17), it is worth to observe that when the UV limit
is taken into account, the metric (2) is asymptotically
AdS. The conditional entropy (24) is calculated from the
modal fraction (21), when Eqs. (19) and (20) are re-
garded. The numerical results for three different values
of k, as functions of the spin, are depicted in Fig. 1.
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FIG. 1: Conditional entropy for k = 0.04 (line 1, Table I),
and k = 0.09 (line 2, Table I), and k = 0.16 (line 3, Table I)
as functions of the spin.
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FIG. 2: Conditional entropy of glueball states for k = 0.04
(line 1 in Table I) for odd spin (top panel) and even spin
(bottom panel) as a function of the glueball mass.
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FIG. 3: Conditional entropy of glueball states for k = 0.09
(line 2 in Table I) for odd spin (top panel) and even spin
(bottom panel) as a function of the glueball masses.
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FIG. 4: Conditional entropy of glueball states for k = 0.16
(line 3 in Table I) for odd spin (top panel) and even spin
(bottom panel) as a function of the glueball masses.
Figs. 2, 3 and 4 illustrate the dependence of the condi-
tional entropy with the masses of the glueball states, for
k = 0.04, k = 0.09 and k = 0.16, respectively. It is notice-
able, as in the analysis regarding Fig. 1, that the lower
the glueball mass, the lower the conditional entropy is.
Hence, the conditional entropy is an additional technique
that can indicate the behavior of glueball states regard-
ing their stability, implying that the states with higher
masses are more unstable. Moreover, Fig. 1 shows that
for different values of the constant k, that defines the
quadratic dilaton in Eq. (8), the higher the value of k,
the higher the conditional entropy is, for any fixed glue-
ball spin J , accordingly. In the next section we present
our conclusions.
III. CONCLUDING REMARKS
Glueballs are not particularly light and have no non-
trivial flavor content. The extraction of a signature in
the presence of vacuum fluctuations is therefore more dif-
ficult than for many other hadrons. Fig. 1 shows that
the higher the glueball states spin J , the higher the asso-
ciated conditional entropy is. Despite of glueballs to lack
phenomenological support, this study points towards a
manner to analyze glueballs stability and production, in
the context of lattice AdS/QCD. Figs. 2, 3 and 4 il-
lustrate a quantitative analysis, relating the conditional
entropy to the glueballs masses, for different values of the
constant k, that defines the quadratic dilaton (8). Irre-
spectively of the value of k here studied, the conditional
entropy increases as a function of the glueballs masses.
Moreover, the conditional entropy is a monotonic increas-
ing function of k, for fixed values of the glueball spin,
according to Fig. 1. This analysis is an useful technique
to point toward quantitative physical features of glue-
ball states, that still lack in the literature, despite of the
advances in lattice QCD. Topological mass constraints
could be further employed, in the deformed defects setup,
to refine the analysis presented here [32].
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